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Abstract. We study the initial-boundary value problem for a nonlinear wave 
equation given by 

utt - Uxx + / k{t - s)uxx{s)ds + \ut\'^~'^ut = f(x,t,u), 
Jo 

Ux{0,t) = u{0,t),ux{l,t) + r?w(l,t) = g{t), 
u(x, 0) = uo{x), ut{x, 0) = ui(x), 

where > 0, 5 > 2 are given constants and uo,ui, g, k, f are given functions. 
In this paper, we consider two main parts. In Part 1, under a certain local 
Lipschitzian condition on / with (moi"i) € X L^; k,g £ H^{0,T), r} > 0; 
g > 2, a global existence and uniqueness theorem is proved. The proof is 
based on the paper [10] associated to a contraction mapping theorem and 
standard arguments of density. In Part 2, the asymptotic behavior of the 
solution 11 as t — > +00 is studied, under more restrictive conditions, namely 
g = 0, f{x,t,u) = -\u\P-^u + F{x,t), p > 2, F e L'^{R+;L'^)r\L^{^+;L^), 
f^°° e'^^\\F{t)pdt < +00, with o- > 0, and (5o,Si) & x L'^, k £ H^(K+), 
and some others (|| ■ || denotes the L^{0, 1) norm). It is proved that under these 
conditions, a unique solution u(t) exists on such that \\u^ (t)|| + ||ii2,(t)| 
decay exponentially to as t — > +00. Finally, we present some numerical 
results. 



1. Introduction 

In this paper we will consider the following initial and boundary value problem: 

utt - + k{t- s)uxx{s)ds + \ut\'^'^ut = f{x, t,u),0 < x < 1;Q < t < T, 
Jo 

(1.1) 

u,(0, t) - u(0, t), u,,{l, t) + r?u(l, t) = g{t), (1.2) 
u{x, 0) = Ufi{x),ut{x, 0) = ui{x), (1.3) 

where > 0, g > 2 are given constants and uo,ui, g,k, f are given functions 
satisfying conditions specified later. 
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In a recent paper [1] , Berrimia and Messaoudi considered the problem 



Uu-Au+ k{t-s)Au{s)ds = \u\P~'^u,xen,t>0, (1.4) 

JO 

u = 0, on dfl, (1.5) 

u{x, 0) — uo{x),Ut{x, 0) — ui{x),x e Q,, (1-6) 



where p > 2 is a constant, fc is a given positive function, and is a bounded domain 
of M" {n > 1), with a smooth boundary dil. This type of problems have been 
considered by many authors and several results concerning existence, nonexistence, 
and asymptotic behavior have been established. In this regard, Cavalcanti et al. 
[3] studied the following equation 

Uu~Au+f k{t- s)Au{s)ds + \u\P~^u + a{t)ut^O, in fix(0, cx)), (1.7) 
Jo 

for a : r2 — > R+, a function, which may be null on a part of the domain fi. Under 
the conditions that a{x) > ao > on u; C fi, with uj satisfying some geometry 
restrictions and 

'Cikit) = k/it) = -c2m,t>o, (1.8) 

the authors established an exponential rate of decay. 

In [2] Bcrgounioux, Long and Dinh studied problem (jl.ip . (|1.3p with k = 0,q = 
2, f(x,t,u) ~ —Ku + F(x,t), and the mixed boundary conditions (jl.2p standing 
for 

u^{0,t)=g{t) + hu{0,t)- f H{t- s)u(0,s)ds, (1.9) 

Jo 

Ua:{l,t) + Kiu{l,t) + Xiut{l,t) =0, (1.10) 

where h >0, K, A, Ki, Ai are given constants and g, H are given functions. 

In [7], Long, Dinh and Diem obtained the unique existence, regularity and as- 
ymptotic expansion of the problem (jl.ip . (|1.3p . (|1.9p and (jl.lOp in the case of fc = 0, 
f{x,t,u) = —K\u\P^^u + F{x,t), with p > 2, q > 2; K, X are given constants. 

In [8], Long, Ut and True gave the unique existence, stability, regularity in time 
variable and asymptotic expansion for the solution of problem (jl.ip - (|1.3|) when 
k = 0, q = 2, f{x, t, u) = —Ku + F{x, t) and (mq, ui) € x H^. In this case, the 
problem ()l.ip - (II. 3p is the mathematical model describing a shock problem involv- 
ing a linear viscoelastic bar. 

In [9] , Long and Giai obtained the unique existence and asymptotic expansion for 
the solution of problem (|l.ip . (|1.3p when k = 0, q = 2, f{x,t,u) = —Ku + F{x,t) 
and {uo,Ui) G x i^, and the mixed boundary conditions (|1.2p standing for 

u,{0, t) =g{t) + Ki\u{0, tT~^u{Q, t) + Ai |wt(0, t)\f^'^ut{Q, t) 

(1.11) 

H{t~ s)u{Q,s)ds, 

7.(1, i)=0, (1.12) 

where K, A, Ki, Ai, a, /? are given constants and 5, H are given functions. In this 
case, the problem (II. ip . (|1.3p . (jl.lip . (|1.12p is the mathematical model describing 
a shock problem involving a nonlinear viscoelastic bar. 

In [10], Long and Truong obtained the unique existence and asymptotic expan- 
sion for the solution of problem (jl.ip - (|1.3p when /(a;, u) = — KImI^'^^w + F{x, t), 
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(wo, Ml) e X H^; F,Ft G L^{Qt), k G W^'\0,T), g e H\0,T); K, > 0, 
r]o>0;p,q> 2. 

In this paper, we consider two main parts. In Part 1, under a certain local Lip- 
schitzian condition on / with {uo,Ui) £ x L?; k,g & H^{0,T),X > 0, r]o > 0; 
?? > 0; 5 > 2, a global existence and uniqueness theorem is proved. The proof is 
based on the paper [10] associated to a contraction mapping theorem and standard 
arguments of density. In Part 2, the asymptotic behavior of the solution u ast ^ oo 
is studied, under more restrictive conditions, namely f{x, t, u) = —\u\p~'^u+F{x, t), 
p > 2, F G L^{R+:L^)f]L^{R+;L^), J^°° e'^*\\F{t)fdt < +oo, with cr > 0, and 
(mo,mi) G X L^, g = 0, k G H^{R+, and some others (|| • || denotes the i^(0, 1) 
norm). It is proved that under these conditions, a unique solution u{t) exists on 
such that \\u^ {t)\\ + \\ux{t)\\ decay exponentially to as t ^ +oo. The results 
obtained here relatively are in part generalizations of those in [1-3, 6-10]. Finally, 
we present some numerical results. 

2. Preliminary Results 

Put n = (0,1), Qt = Ox(0,T), T > 0. Weomit the definitions of usual function 
spaces: C""(II), LP{n), W™'f(0). We denote VF^'f = l^™'P(f7), Lp = VF°'P(f7), 
jjm ^ W'^'^in), 1 < p < DO, m = 0, 1, . . . The norm in jg denoted by || • ||. 
We also denote by (•, •) the scalar product in or pair of dual scalar product of 
continuous linear functional with an element of a function space. We denote by 
II • jjx the norm of a Banach space X and by X' the dual space of X. We denote by 
LP{0, T; X), 1 < p < oo for the Banach space of the real functions w : (0, T) — > X 
measurable, such that 

\\u\\lp{o,T;X) ^ [^j ||u(t)||^cii) < oo forl<p<oo, 

and 

||w||i,<»(o,T;X) = esssup||u(i)||x forp = oo. 

o<t<r 

Let M(t), u'{t) = ut{t), u"{t) = uu{t), Ux{t), and Uxx{t) denote u{x,t), ^{x,t), 
0(x,t), ^{x,t), and ^{x,t), respectively. 

Without loss of generality, we can suppose that % = A = 1. For every 77 > 0, we 
put 

ar,{u,v)= [ Ux{x)va:{x)dx + u{0)v{0)+r]u{l)v{l),yu,v G H^, (2.1) 
Jo 

\\v\\,^ia,iv,v))'^'. (2.2) 
On we shall use the following equivalent norm 

||t;||i = (^v^{0) + \vx{x)\''d3^ (2.3) 
Then we have the following lemmas. 

Lemma 2.1. The imbedding V ^ C"^([0, 1]) is compact and 

ll^^llco([o,i]) < ll^^lk, for all veV. (2.4) 
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Lemma 2.2. Let rj > 0. Then, the symmetric bilinear form ari{-, •) defined by ()2.ip 
is continuous on x and coercive on , i.e., 
(i) \aniu,v)\ = Cr,\\u\\i\\v\\i, for all u,vGH^, 
(a) ari{v,v) = \\v\\1, for all v G H^, 
where C.q — 1 + 2ri. 

The proofs of these lemmas are straightforward, and we omit the details. 

We also note that on , \\v\\i, \\v\\h^ ~ (ll'^lP + ll^^^lP) i ll^^llij = VT^^T^M')) are 
three equivalent norms. 

\\v\\l < \\v\\l < CJvWl foraU v e H\ (2.5) 
\\\v\\hi <\\v\\l<3\\v\\jji, foraU v e H\ (2.6) 

3. The Existence and uniqueness theorem of the solution 

In this section we study the global existence of solutions for problem (|l.ip - (|1.3p . 
For this purpose, we consider, first, a related nonlinear problem. Then, we use the 
well-known Banach's fixed point theorem to prove the existence of solutions to the 
nonlinear problem (ll.ip - ()1.3|) . 

We make the following assumptions: 

(HI) 7y>0,g>2, 
(H2) k,geH\0,T), 
(H3) Mo e and ui e L^ 

(H4) f £ C°{n xR+ xR) satisfies the conditions D2/, D3/ S C°(fl x M+ x M). 
For each T > 0, we put 

W{T) ^ve L°°(0, T; H^) : vt € L°°(0, T; L^) f] L«(Qt). (3.1) 
Then W{T) is a Banach space with respect to the norm (see[5]): 

ll^'llw(T) = ||w||l-=(0,T;H1) + |kt|lL~(0,T;L2) + \\vt\\Li{QT)i'" ^ W{T). (3.2) 

For each v e W{T), we associate with the problem (ll.ip - (|1.3p the following varia- 
tional problem. 

Find u S W{T) which satisfies the variational problem 

< u^^ {t),w > +ari{u(t),w) — / k{t ~ s)ari{u{s),w)ds+ < t/jq^U^ (t)),iv > 



(3.3) 

= gi{t)w{l)+ < f{-,t,v{-,t)),w > for all w £ , 

u{0)^uo,uti0)^ui, (3.4) 

where 

-1.19-2. 



%{z) = \z\'^-'z, g,{t) = g{t) k{t- s)g{s)ds. (3.5) 

Jo 

Then, we have the following theorem 

Theorem 3.1. Let (H1)-(H4) hold. Then, for every T >0 andv £ W{T), problem 
(|3.3[) - p.5[) has a unique solution u £ W{T) and such that 

u" ,u^^£L'i' {Q,T-{H^)/), where q'^q/{q-l). (3.6) 
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Furthermore, we have 

\\u/{t)r + \\u{t)\\l + 2 I \\J(s)\\%ds<C,TeMTC2T),yte[0,n 



(3.7) 



where 



CiT = CiT{v,uo,ui,k,g) = 2 



\uif + \\uo\\l + 2\g^{Q)uo{l)\ 



+6||5illi.o(o,T)+2||.g(||i2(o,T)+ / \\f{-^s,v{s))W'ds 



(O.T) 



(3.8) 



C2T = C2T{k) = 2 [3 + 2|fc(0)| + mWhio.T) + nk'\\l2(o,T)] . (3.9) 



and 



9i{t)=g{t)- / k{t - s)g{s)ds. 
Jo 



(3.10) 



Proof of theorem 3.1. The proof consists of steps two steps 

a. The existence of solution. We approximate uq, mi, fc, g by sequences 
{uom} C (f7), ui™ C C^{Vl), km,9m C C^{[0,T]), respectively, such that 



uom^uo strongly in , 
Uim Ui strongly in L^, 
km^k strongly in H^{0,T), 
gm^ g strongly in iJ^(0, T). 



(3.11) 



Then we consider the following variational problem: Find G W{T) which satis- 
fies the variational problem 

< u(j({t),w > +ajj{u,n{t),w) - k,n{t ~ s)a,^{u„i{s),w)ds 

Jo (3.12) 

+ < M^Ut))^w >^ gi,n{t)w{l)+ < f{-,t,v{-,t)),w >.yw e H\ 



u(0) = Uorn,u/{0) = Uir^ 



and 



where 



girn{t) = grnit) - / k„i{t - s)g„i{s)d. 



(3.13) 



G L°°(0, T; H"^), u'^ e X°°(0, T- H^),u'J^ e L°°(0, T; L^), (3.14) 



(3.15) 



The existence of a sequence of solutions Um satisfying (|3.12p - (l3.15p is a direct result 
of the theorem 2.1 in [10]. We shall prove that Um is a Cauchy sequence in W{T). 
(i) A priori estimates. 

We take w = Um{t) in (|3.12p . afterwards integrating with respect to the time 
variable from to t, we get after some rearrangements 
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<Jm{t) =(7,n{0) ~ 2gim(0)uom(l) + 2.gim (1 , i) 

-2/ g/„(r)M„(l,r)dr-2fc„(0) / ||w„,(r)||2(ir 



+ 2 / - s)a^(w„i(s), u,n{t))ds 

Jo 

-2 dr k^^{r - s)ar,iu„i{s),u,n{r))ds 
Jo Jo 

+ 2 f < f{-,s,v{-,s)),u(^{s) > ds, 



it) = \\uUt)f + iMmi + 2 / WuUmhds 



where 



Proving in the same manner as in [10], we have the following results: 

<Jm{t) = CiT(m) + C2T{m) I am{s)ds,yt e [0,T], 

Jo 

where 

CiT{m) =2 ||ui„i|p + ||uom||f, + 2|gi„(0)uom(l)| + 6|l.gim|lioo(o,T) 

Jo 

C2T(m) - 2 [3 + 2\kmm + 6|lfc,„||i2(o,T) + nkL\\lHo,T) 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



From the assumptions (H1)-(H4), afterwards using Gronwall's lemma, we deduce 
from ((3?TT|) . that 



<Tm(i) < C't, for all m and te[Q,T]. 



(3.21) 



where Ct is a constant independent of m. 

On the other hand, we deduce from (|3.12p . I|3.2ip . that, for all w G , we have 



I < ul{{t),w > I <|lw„i(t)||,,||w||,, + / \k^{t- s)|||m,„(s)||>,||w||,,c;s 



+ UqiuL)\\ L,/ (^n)\\^\\L'>(n) + \gi,n{t)\\\w\\,j 

+ \\f{;t,v{;tm\\w\\ 



<CtV(3C,) i + ||^,(<J||^,/(^)J \\w\ 



This implies that 



ll«mWII(Hi)/ = sup 



O^weH^ \\w\\h^ 



1 + ll'/'9("^)lli,/(o) 



(3.22) 



(3.23) 
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Hence 



n m ll^,/(o,T;(_f/i)/) 







(3.24) 



where Ct always indicating a constant depending on T. 
(ii) The convergence of sequence {um} 

We shall prove that Cauchy sequence in W{T). Let u = — u^. Then u 

satisfies the variational problem 



< ^ {t),w > +ari{u{t),w) — / km{t — s)arj(u(s),w)ds 



k{t - s)ar,{u^{s), ■w)ds+ < ipg{u(^{t)) - tpg{u^^{t)), w > 
gi{t)w{l) for all w e H\ 

u{0) = Mo,w/(0) = Ml, 

k = km - ki_„g^ gm ~ gp.,gi = gim - git,, 
gi{t) =g{t) - I km{t - s)g{s)ds - / - s)g^(s)ds. 



where 



(3.25) 



(3.26) 



(3.27) 



We take w = {t) in p.25p . after integrating with respect to the time variable 
from to t, we get after some rearrangements 



Z(t) =Z(0)-2gi(0)wo(l) + 2?i(t)u(l,t)-2 / gl/ {r)u{l,r)dr 



where 



2fc,„(0) / \\u{r)\\'idr + 2 k^it ~ s)a^{u{s),u{t))ds 



/ kl^{r — s)ari{u{s),u{r))ds 
Jo 

2fc(0) / arj{u^{s),u{s))ds + 2 / k{t — s)afj{u^{s),u{t))ds 











dr / y {r ~ s)ari{ui^i_{s),u{r))ds 



z{t)=\\u^{t)r + \\umi 

+ 2 / < iPg{uUs)) - ^g{ul{s)),uUs) - u^is) > ds. 



(3.28) 



(3.29) 



Using the following inequality 

Vg > 2, > : (|a:|«-2a: - |yr-22/)(x - y) > Cg\x ~ yW'ix.y R, (3.30) 
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it follows from ((3?29l) that 

Z{t) > \\u/{t)r + WmWl + 2^^« r \\^^i''^)\\hds. (3.31) 

Jo 

Using the inequality 

2a6 < ea^ + i6^Va,5e M,Ve > 0, (3.32) 
and the following inequalities 

\o,7j{u,v)\ < \\u\\,^\\v\\j^yu,v e H^, (3.33) 



\u{l,t)\ < ||u(i)llco(f2) < V2\\u{t)\\i < V2\\u{t)\\,, < ^2Z{t), (3.34) 

we shall estimate respectively the following terms on the right-hand side of p.28p 
as follows 

Z(0) - 25i(0)uo(l) <||wim - WImIP + ll"Om - WQmII^ 

+ 2|5ri„(0) - 5i^(0)||uom(l) - wom(1)I, 

1 . . . 1 



3.35) 

(Ou(l,t) <8||gi||i^(o j,) + ^Z(t), with e = ^, (3.36) 



-2 I gi{r)u{l,r)dr<2\\gi\\l,^,^^^+ f Z{r)dr, (3.37) 
Jo Jo 

2 hn{t - s)a^{^s),u{t))ds < ^Z{t) + 8\\hJl2^„^T) Z{s)ds, (3.38) 

-2fc„(0) / \\u{r)f^dr < 2\k^i0)\ f Z{r)dr, (3.39) 
Jo Jo 

2^ dr^ fc/,(r-s)a„(u(s),u(r))ds< (l + r||/c/j|i.(o,j,))^ Z(s)ds, (3.40) 

/•*^ 1 ~ ^ 

2/ A:(t-s)a^(u^(s),M(t))ds< -Z(t) + 8CT|lfc|lii(o,T). (3-41) 







-2k{0) [ a,j{Uf,{s),u{s))ds <TCt\HO)\^ + [ Z{s)ds, (3.42) 
■/o Jo 

-2 [ dr [ k/{r - s)a^{u^,{s),u{r))ds <T^CT\\y\\l2(_oT)+ [ Z{s)ds. (3.43) 
Jo Jo ' JO 

Combining dS^S]), (jX^ . (P^T]) and dSSg-lElSl), we obtain 

Z{t) < piT(m, n) + p2T{m) f Z{s)ds,yt G [0, T], (3.44) 

Jo 

where 

piT(m, Ai) = 2 + \\ua\\l + 2|gi(0)uo(l)| + 8||5i||i=o(o,T) 

2(o,T) + 8C*T||fc|lii(o,T) + TCT\k{0)\'^ + T^CT\\k^\\l2^„T-^ , (3.45) 
P2T{m) = 2 [4 + 2|/c„(0)| + 8\\k^\\h^o.T) + T^I|fci^Jli2(o,T) • 
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(3.46) 



By Gronwall's lemma, we deduce from (l3?3T|) . ([Qi]) . ([OS]) . that 

II"/ WIP + II^WII^ + /* W{s)\\hds < Z{t) 

Jo 

< piT(m, fi)exp(Tp2T{m)), for all t £ [0,T]. 

By p. lip . (I3.27P and ()3.45p . we obtain piT{m, p)exp[T p2T{rn)) ^ as to,// — 
+00. Hence, it follows from (I3.46P that {um} is a Cauchy sequence in W[T) 
Therefore there exists u G W{T) such that 

Um u strongly in W{T). 

On the other hand, by (|3.47p and the continuity of V'g, we obtain 

i'qiuL) ~* '^qiu^) a.e. {x,t)eQT- 
By means of p. 211) . it follows that 

for all TO. By Lions's lemma [5, Lemma 1.3, p. 12], it follows from (|3.48l) and p.49p 
that 

V'g(wm) ^Jq{u^) in L"^ (Qt) weakly. 
Noticing (PTTTjl c. and (PT7)) we have 



(3.47) 
(3.48) 

(3.49) 
(3.50) 



dt 



km{t - s)a^(u,„(s), w{t))ds 



dt / k{t — s)ari{u{s),'w{t))ds 



< 



dt / k,n{t - s)ajj{ujn{s) - u{s),w{t))di 



(3.51) 



dt / [fcm(t — s) — /c(t — s)]a^(M(s), w(t))(is 



< 3C^||w||l1(0,T;H1) [||fcm||Li(0,T)ll"m " "|| L°° (0,T; ) 
+ ||fcm - fc||Li(0,T)||"||L°°(0,T;//i)] ^ 

for all w £ L'^{0,T; H^). 

On the other hand, by (|3.1ip q a and p.l5p . we also obtain 

gim^gi strongly in H\0,T). (3.52) 

From (|3.24p . we deduce the existence of a subsequence of {um}, still denoted by 
{um}, such that 

u^i-*ull in L«'(0,T; (i/i)/) weak. (3.53) 

Passing to the limit in fXT^ . (PTT^ by ([^^7)1 and (P3n)l - (P35)) we have u satisfying 
the equation 

u^^ {t),w^ + a,-i{u{t),w) — / k{t — s)ari{u{s),w)ds + (^tpq{u^ {t)),w^ 



(3.54) 



^ gi(t)w{l)+ < f{-,t,v{-,t)),w >,yw £ H\ in L«(0,T) weak. 
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and 

u{0) = Uo,U^{0) — Ml. 

On the other hand, we deduce from p.54p . that 

Uxx{t)- / k{t - s)u.j;x{s)ds = (j){t), 



where 

- u//{t) + \u/r'u/ - f{-,t, v{;t)) e (0, T; (iji)/). 
Hence, it foUows from (|3.56p and (|3.57p . that 



(3.55) 



(3.56) 



(3.57) 



\\uxxmij,,y < iii<^wii(ffM/ + i \k{t-m^xx{s)\\^myds 



mm 

This implies that 

/ \Wxx{tW/„,,,dt<2'''-^U\\''' 

Using GronwaU's lemma, we obtain 

\\uxxmimydt<2'^'-'U\ 



(3.58) 



"'0 



(3.59) 



'-1|UI|9 

(0,T;(//1)/) 



L9(0,T)' 



where Ct always indicating a constant depending on T 
Thus 

^^xxeL'''(0,T; (ffi)/). 



<Ct, 
(3.60) 

(3.61) 



On ther other hand, the estimate jSj]) hold by means of ([3ll|) . (|3?T8l) . ([XTQ]) . 
p.20p , (I3.47P . The existence of the theorem is proved completely. 

b. Uniqueness of the solution. First, we shall now require the following lemma. 
Lemma 3.2. Let u he the weak solution of the following problem 

u^^ - Uxx + k{t~ s)uxx{s)ds 0<a;<l,0<t<r, 



(3.62) 



Ux{0, t) ^ u(0, t), Ux{l, t) + r7u(l, t) = 0, 
m(x,0) = uo(.t), u/(x, 0) = ui(x), 
u e L°°(0, T- H^),u/7L°^{0, T; L^), 
keH\0,T),<^eL\QT). 
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Then we have 



\\\u'{t)f + \\\u{t)f, - \\\u,f + \\\u4l - m ^ \\uir)\\ldr 

+ [ k{t~ s)a{u{s),u{t))ds- [ dr [ {r - s)a{u{s),u{r))ds (3.63) 



(3.65) 



+ / < $(s),it/(s) > rfs, a.e. te[0,T]. 
Jo 

Furthermore, if Uq ~ ui ^ there is equality in (|3.63p . 

The idea of the proof is the same as in [4, Lemma 2.1, p. 79]. 

We now retmm to the proof of the uniqueness of a solution of the problem ()3.3|) - 
()3.5p . Let ui, U2 be two weak solutions of problem (|3.3p - (l3.5|) . such that 

u, e W{T),u{' ,u,^^ e L'i' (0, T; {H^)'),i = 1, 2. (3.64) 
Then it = ui — U2 is the weak solution of the following problem 

rt 

-U^^+ / k{t - s)Uj;^{s)ds + 1pq{u{) - %ljq{u{) = 0, 

Jo 

u,(0, t) - m(0, t) = u,(l, t) + 77u(l, t) = 0, 
m(0) = u/(0) = 0, 

w e 1^(T), u//, u^^ e (0, T; (iji)/). 
By using Lemma 3.2 with mq = tti = 0, $ = — V'q(w() + ipq{u2), we have 



(3.66) 



a(i) = h/(0ll' + h(^)ll'+2 - M4is)),u/ (s)) ds. (3.67) 

By using the same computations as in the above part we obtain from (j3.66p that 
ait) = 2 (l + 2||fc||i.(o_^) + 2|fc(0)| + ||fc/||i,(o^^)) a(r)dr. (3.68) 



(T(i) =2 / k{t- s)a{u{s),u{t))ds ~2k{0) \\u{r)\\f^dr 
Jo Jo 

— 2 / dr / fc/(r — s)a(u(s), u(r))(is, 



where 



By Gronwall's lemma, we deduce that (T(t) — and Theorem 3.1 is completely 
proved. □ 

Theorem 3.3. Let T > and (HI) - (iJ4) hold. Then there exists Ti G (0,T) 
such that problem (|l.ip - (|1.3p /las a unique weak solution u £ W{Ti) and such that 

u",u.,^eL'i' {Q,Tr..{H^)'). (3.69) 
Proof. For each Ti > 0, we put 

M^i(Ti) ^{ve L^iO,Ti;H') : vt G L°°(0, Ti; L^)} . (3.70) 
Then Wi{Ti) is a Banach space with respect to the norm (see[5]): 

ll"llwi(Ti) = |kl|L-(0,Ti;ffi) + l|wt||L~(0,Ti;L2),'y G Wl(ri). (3.71) 



12 



N. T. LONG, A. P. N. DINH, L. X. TRUONG 



For M > and Ti > 0, we put 

B(M,ri) = {ve WiiTi) : \\v\\w,(T,) < M} 



(3.72) 



We also define the operator F from B{M,Ti) into W{Ti) by u = F{v), wliere u 
is the unique solution of problem p.3p - (|3.5p . Wc would like to show that F is a 
contraction operator from B{M,Ti) into itself. Applying the contraction mapping 
theorem, the operator F has a fixed point in B{M, Ti) that is also a weak solution 
of the problem dTT])- 

First, by Theorem 3.1, we note that the unique solution of problem (|3.3p - (13. 5p 
satisfies ((XT)) . ((X51) . ([^ . On the other hand, it follows from {H3), that 



\\f{;S,v{s))fds<2 I \\f{;S,v{s))- f{;S,0)\\'ds 
|/(-,S,0)fds 

<2TiK^M^ + 2[ \\fi-,s,0)fds, 
Jo 

= s-up||L»3/(a; 
It follows from (|X7)) - ([XTU)) and ([X751) that 



(3.73) 



where 



sup^^\D3f{x,t,u)\ ■.0<x<l,0<t<T,\u\< V2m| 



(3.74) 



\\u/{t)r + \\um 



u/{s)\\l,ds 



(3.75) 



< (CiT + 2TiKlM^) exp{TiC2T),yt € [0,Ti], 



where 



IT 



CiT (uo,ui, fc,g) = 2 



-6||ffi| 



L=°(0,T) 



2||5( 



/||2. 



|ili||2 + ||uo||'+2|5i(0)wo(l)| 



|/(-,s,0)||2ds 



(3.76) 



2T 



C2T{k) = 2 [3 + 2|/c(0)| + 6||fc||i.(o,T) + nk/\\hio,T) 



By choosing M > large enough so that Ci^ — jlVP, then Ti sufhciently small so 
that 



1 



1 



+ 2TiK(M^ exp{TiC2T) < xAf 



and 



2y^iKiexp [Ti (2 + 2|A:(0)| + 2\\k\\l,(^o,T) + 



(0,T) 



< 1. 



(3.77) 



(3.78) 



From dnZSl), (jXTT)) we have ||u||vi/i(Ti) < M, hence u E B{M,Ti). This shows that 
F maps B{M,Ti) into itself. 

Next, we verify that F is a contraction. Let ui ~ F{vi), U2 — F{v2), where 
vi,V2 & B{M, Ti). Put U — U1 — U2 and V — vi — V2- Then U is the weak solution 
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of the following problem 

= fix, t, vi it)) - fix, t, V2it)),Q <x<l,0<t<Ti, 
U,iO,t) - C/(0,t) = U,il,t) + TjUil,t) = 0, (3-79) 
f/(0) = L//(0) = 0, 

u e ly(ri); e L''(o,ri; (ff^)/). 

By using Lemma 3.2 with uq = Si = 0, $ = —ipgiui) + ''Pqiul^) + fix,t,viit)) — 
fix,t,V2it)), we have 

Sit)^-2ki0) f \\Uir)\\ldr + 2 f - s)a([/(s), C/(i))ds 



-2 / dr k/ir-s)aiUis),Uir))ds (3.80) 

Jo "'0 

+ 2 f < fi-,s,viis))- fi-,.s,V2is)),U^is)>ds,a.e. t e [O^Tl], 
Jo 

where 

Sit) = \\U^it)f + WUiml + 2 f U,iu{) - ij.iui), U^is)) ds 

^° \ (3.81) 

>\\uHt)r + \\Uit)\\l + 2C, f \\U/is)\\l,ds. 

Jo 

By the assumption (i?4), we have 

[fi;S,Viis))-fi;S,V2is)),U^is))ds 

< l'\\U^is)rds+ f\\fi;s,v,is))-fi;s,V2is))rds (3.82) 



2 



l)' 

Therefore, we can prove in a similar manner as above that 
6it) <2T,k!\\V\\1.^^t^~, 

+ 2(2 + 2|fc(0)| + 2||/c||i.(„,y) + \\k/\\l^^,^r)) I 
By Gronwall's lemma, we obtain from (|3.83p that 



(3.83) 



Sit) ^ 2{p,ik,K,,T,T,)\\V\\w,iT^))\ (3.84) 



(3.85) 



where 

Pi(A:,Xi,r,Ti) = 

VmKiexp [Ti (2 + 2|fc(0)| + 2||fc||2,(Q_^j + ||fc/||ii(„_j,)^ 
It follows from (PIM]) . (j^M)) and (jXSSl) that 

||C/|kuT,) < 2p,ik,K,,T,T,)\\V\\w,(n), (3.86) 
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where 

2pi{k,Ki,T,Ti) <1, (3.87) 

since ([3J8| and ^SB- 

Hence, (|X86l) shows that F : B{M,Ti) B{M,Ti) is a contraction. Applying 
the contraction mapping theorem, the operator F has a fixed point in B{M,Ti) 
that is also a weak solution of the problem (|l.ip - (|1.3p . 

The solution of the problem (|l.ip - (|1.3p is unique, that can be showed using 
the same arguments as in the proof of Theorem 3.1. The proof of Theorem 3.3 is 
completed. □ 

Remark 3.4. In the case of X ^ 0, f{x,t,u) = \u\p-'^u, p > 2, k e W^^^ 
k > 0, fc(0) > 0, < k{t)dt < 1, k/{t) + Ck{t) < for all t > 0, with C > 0, 
and the boundary condition u{0,t) = u{l,t) = standing for (|1.2p . 5". Berrimia, S. 
A. Messaoudi [1] has obtained a global existence and uniqueness theorem. 



4. Decay of solution 

In this part, we will consider the problem of global existence and asymptotic 
behavior for t +oo. We assume that g{t) = 0, f{x,t,u) = F{x,t) — 
p>2 and consider the following problem 

Utt-Uxx+ / k{t - s)uxx{s)ds + \uf~'^u +\ut\''~'^Ut 



= F{x,t),0 < x < l,t > 0, (4,1) 
u,(0, t) = u{0, i), t) + 77u(l, t) = 0, 
u{x,0) = uo{x),ut{x,0) = ui{x), 

We make the following assumptions: 

(HI) ?7>0,p,g>2, 

{H2) k £ W^''^{R+), k>0, satisfying 

(i) fc(0) > 0, < 1 - /+°° k{t)dt = fcoo < 1, 

(ii) there exists a positive constant C such that k^ (t) + (k{t) < for all 
< > 0, 

(m) uo e and ui e H\ 

(HA) F e £1(0, oo; L^) n L^{0, oo; L^), Ft € ^^(O, oo; L^), 

{H5) There exists a constant ct > such that e'^*^\\F{t)\\^dt < +oo. 

Under assumptions {H1)-{H4) and let T > 0, by theorem 2.3, the problem (|4.ip 
has a unique weak solution u(t) such that 

u e L°°(0, T; H^),ut € i°°(0, T; i?^), Utt € L°°(0, T; i^). (4.2) 

Then, we have the following 

Lemma 4.1. Suppose that (HI) — {HA) hold. Then there is a unique solution u(t) 
of problem ()4.ip defined on Moreover 



\\u/ {t)\\ + \\u{t)\\r^ < C for all t>0, (4.3) 
where C is a positive constant depending only on uq, Ui, F, fcoo and p. 
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Proof. By multiplying the equation (|4.1|) i by ut and integrate over (0, 1) x (0, t) we 
obtain 



E{t) + 2 / \\u^{s)\\l,ds+ / k{s)\\u{s)\\lds 
Jo 

dr / k/ {r ~ s)\\u{s) ~ u{r)\\lds (4.4) 

"'0 

E{0) + 2 I < F(s),'u/(s) > ds, 



where 



p 

LP 



(4.5) 



k{t - s)\\u{s) - u{t)f^ds. 
On the other hand, by {H4) and the Cauchy's inequality, we obtain 

(^F{s),J{s)'jds< \\F{s)\\ds + \\F{s)\\\\J{s)fds 

< / \\F{s)\\ds+ / \\F{s)\\E{s)ds. 
Jo Jo 

By Gronwall's lemma, we obtain from (|4.4p and (|4.6p that 



2 ^* 



(4.6) 



i?(t) < i?(0) 



£ \\F{s)\\ds^exp(^J^ \\F{s)\\ds^ 



(4.7) 



< (^E{0) + \\F{s)\\ds^ exp (^J^ \\F{s)\\ds^ ^C,Wt> 0. 

By {H3, i), we have 

E{t) > \\u/{t)f + (l - ^* Hs)ds^ \Hml > IW^itW + koo\\u{t)\\l. (4.8) 

Then we obtain (|4.3p fr'om (|4.7p and (|4.8p . This completes the proof of Lemma 

4.1. □ 

In this section we state and prove decay result. 

Theorem 4.2. Suppose that (HI) — {H5) hold. Then the solution u{t) of problem 

(|4.H) decays exponentially to zero as t ^ +oo in the following sense: there exist the 
positive constants N and 7 such that 

||M/(i)|| + ||u(i)||,, < iVe"''* for all t>Q. (4.9) 

Proof. We use the following functional 

T{t) ^T{ei,e2,t) = E{t) + eiEi{t) + e2E2{t), (4.10) 

where 

Ei{t)^<u{t),u/{t)>, (4.11) 

E2{t) = - I k{t- s)lu'{t),u{t)-u{s)^ds. (4.12) 
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Estimating T{t). 

By ([231), ([231), we obtain from 02, i) that 



\E,it)\^\<u{t),u^{t)>\<^\\j{t)r + \wm 



(4.13) 



|£;2(i)| = J k{t-s)(u^{t),u{t)~u{s)'^ds 

< llW^itW + \ k{t ~ s)h(t) - u{s)\\d^ (4.14) 



Hence, it follows from (|4.10|) - (|4.14|) that for ei, si small enough, there exist two 
positive constants oi\,oi2, such that 



axE{t) < T(t) < a2E{t). 

Estimating V/ (t). 

Now differentiating (|4.4p with respect to t, we have 



(4.15) 



E^ (t) ^ -2\\u^ {t)\\l, + / y {t - s)\\u{s) - u(t)\\lds 
Jo 

~kmuml + 2(Fit),u/{t)) (4.16) 
< -2\\u/m% + f k/{t - s)\\u{s) - umlds + 2 (Fit), «/(i)) , 



since k{t) > 0. 

By multiplying the equation (|4.ip i by u and integrate over (0, 1) we obtain 



Eiit) = \\u/{t)r - \\umi - \\u{t)\\i, + {F{t),u{t)) 

+ J k{t- s)a{uis),u{t))ds- (^\u/{t)\'^-^u/{t),u{t)'j 

= iWm' \Ht)\\i Mt)\\i. + {Fit), uit)) + hit) + hit). 



(4.17) 



We now estimate the last two terms in the right side of (|4.17p as follows 

Estimating hit)- 
Using the inequality 



ab< -a'' + - — -S^b^,ya,b>0,yr> 1,V5>0, (4.18) 
r r 
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we have 



Ii{t) = I k{t~- s)a{u{s),u{t))ds 



t 

2, 



k{t- s)a{u{s) -u{t),u{t))ds+ / k{t - s)\\u{t)^ds 

Jo 



t 

2 



kis)ds j \\u{tX 

+ [l - koo)\\u{t)\\l 

<{5, + l- k^)\\u{t)\\l + kit - s)\\uis) - um^ds, 

for all (5i > 0. 
Estimating l2{t)- 

We again use inequality ()4.18p we obtain from ()4.3|1 that 



/2W = -(i^./wr'^^/(t),^.w) <iit./(t)iii;'h(t)ii 



Li 



(4.19) 



< jMt)\\h + ^5r\\n/mh (4.20) 

< 2^ (x/2c)'"' \\u{t)\\l + h/(i)||L, 

for aU Si > 0. 

By combining (|4?T7)) . (|4T9| and (|4?20)) . we obtain 

i?i/(i) < -ii4i)iiL + \\u/{t)r - (^fcco - <5i - 2^ (^^)'"') ii^wii' 
+ i^^r ii,./(i)iii, + f kit - s)\\u{s) - umids ^^-^^^ 

Q Jo 
+ {Fit),uit)). 

Then, we can always choose the constant 6i > such that 

71 = ^oo - - 2^ (\/2c) ' ' > 0. (4.22) 

This implies that 

Eiit) < ^\\uit)\\l, + \\u/it)r liMt)\\l + 7211^^/(0111, 

ft (4.23) 
+ 73 / k{t-s)\\uis)~u{t)\\lds+{F{t),uit)), 
Jo 

where 



(4.25) 
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Direct calculations give 

E^{t) = ~(^J^ k{s)ds^ k/(t--s)(^J{t),u{t)-u{s)'^ds 

+ [ k{t — s)a{u{t),u{t) — u{s))ds 

k{t — s)a k{t — T)u{T)dT, u{t) — u(s)^ ds 

+ / k{t- s){\u{t)Y'-^u{t),u{t)-u{s))ds 
Jq 

+ J kit-s)(\u^{t)\''-'^u/{t),uit)-uis)'jds 

rt 7 

- / k{t ^ s) {F{t),u{t) - u{s)) ds ^y^.h{t). 

Similarly to (|4.17p . we estimate respectively the following terms on the right-hand 
side of (|4.25p as follows. 
Estimating Ji{t). 

Since k is continuous and k{0) > then there exists to > 0, such that 

/ k{s)ds > / k{s)ds = ko > for aU t > to. 
Jo Jo 

Hence, 

Ji{t) = - (^J^ k{s)ds^ \\u/ {t)f < -ko\\u/ it)f foraU i > to- 
Estimating J2{t). 



(4.26) 



(4.27) 



J2(t) = - J k/ (t - s) (u/ {t),u{t) - uis)"^ ds 

< S2\\u^it)r + ^ \k^it - s)\ds^ \k/{t - s)\\\u{s) - u{tWds^ 

t t (4.28) 

<'52h/(0lP + ^(y \k/{t-s)\ds^ ^ \k/{t~s)\Ms)-u(t)\\lds^ 

< 52\\u/m' [ k'{t - s)\\u{s) - u{t%ds. 
Estimating Jz{t). 

Mt) = [ k{t- s)a{u{t),u{t) -u{s))ds 
Jo 

< hhrn'r, + ^ mds^ (j^* Ht - s)\\uis) - u(t)ll^ds) (4.29) 
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Estimating Ji{t). 



Ji{t) = - / k{t- s)a( [ k{t - T)u{T)dT, u{t) - u{s) \ ds 











< / k{t - T)\\u(T)\\^dT / k{t ~ s)\\u{s) ~ u{t)\\^ds 



<h[ k{t ^ T)\\u{T)\\,,dT 



<2S2( [ kit - T)\\u{T)\\^dr' 



+ (^262 + ^ k{t - S)\\u{s) - U{t)\\r,ds'^ 

< 262(1 -k^f\\u{t)\\l 

+ (2^2 + 4^) (1 - ^oo) I Ht - s)\\u{s) - umlds. 



(4.30) 



Estimating J5{t). 



J^it)^ / fc(i-s)(|u(i)r"^M(i),u(t)-u(s))ds 



A:(t — s)||?i(t)||,,||7i(i) — u{s)\\jjds 



< 2 (V2C 



< 2 



(^/2c) 



p-2 



p~2 



2 \J0 



'52||mW||; + ^ ( I kit-s)\\uit)~u{s)\\^ds 



S2\\u{tX + —{l-k^) k{t-s)\\u{t)~u{s)\\i,ds 



(4.31) 



Estimating Jeit). We again use inequality (|4.18p with r = g, (5 = we obtain 
from (I43l) that 



u/(^)r-V(^),^.(^)-u(s)\ < \\u/{t)\\l-'\\u{t) - u{s)\ 



51 



< —\\u{t) - U{s)\\l, + ^.yii^, 

g q 

< 2^ (2^/2c)'"' h(t) - uis)\\l + i_i<5|^ ||u/(t)f^ 



(4.32) 



Li- 
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It follows from (j4:32l) that 



Jg(t) =^ k{t - s) (\u^ {t)\'^~^u/ {t),u{t) - u{s)'^ ds 

<2^ (2V2C)'~^ / k{t ~ s)\\u{t) ^ u{s)f^ds 
9 ^ 'Jo 



+ '^6r\W{t)\\i, I k{t-s)ds 



+ ^6f'{l-k^)\\u/{t)\\% 



k{t - s)\\u{t) - u{s)\\lds 



Estimating Jrlt) 



Jj{t) = - / k{t- s) {F{t), u{t) - u{s)) ds 



< / k{t- s)\\F{t)\\\\u{t) -u{s)\\ds 
Jo 



k{t-s)\\uit)~u{s)fds 



<^J\F{t)r + 262(1 -k^) I k{t-s)\\uit)-u{sXds 



By combining (|4:25)) . g^-g3T]), (|4:33l) and gji]), we obtain 



£;/ w = - (fco - \\u/{t)r + S2%\\umi+y2\\u/mi 



Li 



+ 73 / k{t - s)\\uit) - u{s)\\t/s 
Jo 

- 74 k/it s)\\uis) umids + -^mt)r, 



where 



71 = l + 2(l-fcoo)^ + 2(\/2C 
72 



p-2 



73 = 2^ (2V2Cj + (1 - fcoo) 



^Sr' (1 - fcoo), 



A5o 



2S2 
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Combining of KW\f . (|4l6ll . (|4:23l) and (g^H), we obtain 

r/(0 + ei\\u{t)\\l, + {{ko - 62)62 ~ ei) \\ul(t)f 

+ (£i7i - £2^271) IkWII' + (2 - £172 - £272) Wn'mi, 
t 

2, 



-(£173 + £273) / k{t - s)\\u{t) - u{s)\\,^ds 
Jo 

-(1-6274) / {t - s)\\uis) ~ uit)\\lds 
Jo 

<(^F{t),2u/{t)+sMt)) + ^\\Fm 



|2 



2-£i 1 + 777TT72 h/Wr 



2 

m 

2 X 



Next, we choose ei > 0, with 

c 



£1 < mm ■ 



^73 + t73 + t74C 1 + ^72] 

and (|4.15p is satisfied, then by the assumption {H2,ii), we deduce that 



„2 



< (F(t),2w/(t)+eiu(t)) +fc3||F(i)|| 



where 



fco V 71 



(4.37) 



Whence 61 is fixed, choosing 

S2 = ^—^-^-^,£2 = "r"£ij where ei > is arbitrary, (4.38) 
2 71 + 71 ko 

we deduce from (|4?37l) and (|438l) that 

r/(t) + e,\\umi, + -i^\\u/{t)r + ^i2L||«(<)i|2 
71 +71 71+71 



[^^ ~^ W)^y Jo ~ ''^"''^^^ ~ "(^)ll'^^ (4-39) 
< (F{t),2u'(t) + ei^i(t)) + £^ (^1 + 21^ ||^(t)||2. 



r/(0 + ei||u(t)|l^, + ^121^11^/ (i)||2 + ^i2l^||„(t)||2 + k,\\u/{t)\\l, 
7i +71 7i + 71 

k{t ~ s)\\u{s) - u{t)\\lds (4-40) 



fci = 2 - £1 (^1 + -1-72^ > 0, 

C.{l- ■|;ei74^ - £1 (^73 + -1^73 ) > 0, (4.41) 

£1 f , , 71 
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By combining (14. 5|) . (I4.15P and (I4.40p . we can always choose the constant 7 > is 
independent of t such that 

r/(i) + 2^T{t) < (^F{t), 2u'[t) + eiu[t)) + k^\\F{t)\\\ (4.42) 

for all t > tQ. 

On thcr other hand, 

F{t),2u/{t)+sMt))+h\\F{t)r <N\\F{t)r+jT{t), (4.43) 



for some constant > 0. Therefore 

T/{t)+jT{t) <N\\F{t)\\'^ foraU t > to. (4.44) 
Putting 7 — ^min{a,j}. A simple integration of (14.441) over {tQ,t) gives 



r(to)e'"'° + iV / e^^||F(s)||^ds 



to 



-27t ^ AT^e-^-^*, (4.45) 



for all t > tQ. 

By the boundedness of r{t) on [0,to], we deduce from (|4.45|) that 

r(i) - ||r|Uo.(o,,,)e~27(*-to) + ^^e-2^t ^ N2e-'^\ (4.46) 

for aU t > 0. 

By dmni), it follows from ^jlM^i that 

-B(0 < — r(t) < — iVae"^'^*, for all t > 0. (4.47) 
ai ai 

This completes the proof of Theorem 4.2. □ 



Remark 4.3. The estimate ()4.9p /loZds /or any regular solution corresponding to 
(wOjMi) G -ff'^ X . This remains holds for solutions corresponding to {uq,ui) G 
X by simple density argument. 

5. Numerical results 
Consider the following problem: 

Utt-Uxx+ f k{t~ s)uxx{s)ds + ul + F{x,t),Q <x <\,{)<t <T, (5.1) 
^0 

with boundary conditions 

u,(0, t) = u(0, i), M.;(l, t) + m(1, t) = 0, (5.2) 

and initial conditions 

u{x, 0) = uq{x), Ut{x, 0) = Ml (a;), (5-3) 

where 

'Uo(a;) = —x'^ + a; + 1, ui{x) — ^uo{x), k{t) = 2^"*' (5-4) 
Fix, i) - (2 - <)e-* + C/e,(l - - C/el), (5.5) 

where 

U^^{x,t) = i-x"^ + x + l)e-\ (5.6) 
The exact solution of the problem (|5.ip - (|5.3p with uo{x), ui{x), k{t) and F{x,t) 
defined in (|5.4p and (|5.5p respectively, is the function [/gj: given in (|5.6p . To solve 
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problem ()5.ip - (l5.3p numerically, we consider the differential system for the un- 
knowns Uj{t) = u{Xj,t), Vj{t) = ^^{t), with Xj — jh, h — jf, j — 0, 1, N: 

^it) = ^[-il + h)uoit)+u,it)] 
k{t - s) [-(1 + h)u^{s) + ui{s)] ds - vl{t) + ul{t) + F{xo,t), 



— j^ J k{t — s) [uj^i{s) — 2uj{s) + Uj+i{s)]ds 
-v^{t) + u^it) + F{xj,t), J ^ 1,2, ...,N ~ 1, 

1 /■* 

J k{t^s)[uN^i{s)-{l + h)uNis)]ds-v%{t)+ul^{t)+F{xN,t), 
Uj{0) = uo{xj),Vj{0) = ui{xj),j 0, 1, ...,N. 



(5.7) 



To solve the nonlinear differential system (|5.7p , we use the following linear recursive 
scheme generated by the nonlinear term 



du 



(") 



dt 



{t)=v^"\t),j^O,l,...,N, 



dv. 



in) 



ir<'> /.^ 



1 r 



At 



{t))\F{xo,t), 



(5.8) 



(.]"-^^(t))'+(^.("-^)(<))%F(x„t),, 



= 1,2,...,7V-1, 



dt ^ ' 



'^iv"-iW-(i + M<^W' 



At 



— ^ I] Ht-^^t) <ii(iAt)-(l + /i)<'(iAt) 



(^'j;~'^W)'+(^.^"-^)(t))' + F(x^,t), 



7/^. ^(0) = uo(x,),z;]"^(0) = Mi(x,),J = 0,1, ...,iV, 
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and where u'j^\iAt), i ~ l,...,Ni — 1, j = 0, l,...,iV, of the system (|5.8p being 
calculated at the time t — NiAt. 

The latter system is solved by a spectral method and since the matrix of this 
system is very ill-conditioned so we have to regularize it by adding to the diagonal 
terms a small parameter in order to have a good accuracy of the convergence. 



1.6^ 
1.4- 




Figure 1 



In fig.l we have drawn the approximated solution of the problem (|5.ip - (|5.5p while 
fig. 2 represents his corresponding exact solution (|5.6|1 . 



1.4^ 
1.2- 




Figure 2 



The fig. 3 corresponds to the surface {x,t) i-^ u(x,t) approximated solution in 
the case where F{x, t) — 0. So in both cases we notice the very good decay of these 
surfaces from T = to T = 2. 
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0.8. 




Figure 3 



References 

[1] S. Berrimia, S. A. Messaoudi, Existence and decay of solutions of a viscoelastic equation with 
a nonlinear source, Nonlinear Anal. 64 (10) (2006) 2314-2331. 

[2] M. Bergounioux, N. T. Long, A. P. N. Dinli, Mathematical model for a shock problem involv- 
ing a linear viscoelastic bar, Nonlinear Anal. 43 (2001), 547-561. 

[3] M.M. Cavalcanti, V.N. Domingos Cavalcanti, J. A. Soriano, Exponential decay for the solution 
of semilinear viscoelastic wave equations with localized damping, Electron. J. Diflferential 
Equations 44 (2002) 1-14. 

[4] J.L. Lions, W.A. Strauss, Some nonlinear evolution equations, Bull. Soc. Math., Prance, 93 
(1965) 43-96. 

[5] ,1 . L. Lions, Quelques methodes de resolution des proble mes aux limites nonlineaires, Dunod; 

Gautliier- Villars, Paris. 1969. 
[6] N.T. Long, A.P.N. Dinh, T.N. Diem, Linear recursive schemes and asymptotic expansion 

associated with the Kirchhoff- Carrier operator, J. Math. Anal. Appl. 267 (2002) 116-134. 
[7] N. T. Long, A. P. N. Dinh, T. N. Diem, On a shock problem involving a nonlinear viscoelastic 

bar, J. Boundary Value Problems, Hindawi Publishing Corporation, 2005 (3) (2005), 337-358. 
[8] N. T. Long, L. V. Ut, N. T. T. True, On a shock problem involving a linear viscoelastic bar. 

Nonlinear Analysis, Theory, Methods & Applications, Series A: Theory and Methods, 63 (2) 

(2005), 198-224. 

[9] N.T. Long, V.G. Giai, A wave equation associated with mixed nonhomogeneous conditions: 
Global existence and asymptotic expansion of solutions. Nonlinear Analysis, Theory, Methods 
and Applications, Series A: Theory and Methods, 66 (7) (2007), 1526-1546. 
[10] N. T. Long, L. X. Truong. Existence and asymptotic expansion for a viscoelastic problem with 
a mixed nonhomogeneous condition, Nonlinear Analysis, Theory, Methods & Applications, 
Series A: Theory and Methods, (accepted for publication). 



Nguyen Thanh Long 

Department of Mathematics, Hochiminh City National University, 227 Nguyen Van Cu, 
Q5, HoChiMinh City, Vietnam 

E-mail address: longnt9hcmc.netnam.vn, longnt2Sgmail.com 



Alain Pham Ngoc Dinh 
MAPMO, UMR 6628, Mathematics Dept., University of Orleans, BP 6759, 45067 Orleans 
Cedex 2, France. 

E-mail address: alain.pham9univ-orleans.fr, alain.pham9math.cnrs.fr 



26 



N. T. LONG, A. P. N. DINH, L. X. TRUONG 



Le Xuan Truong 

Department of Mathematics, Faculty of General Science, University of Technical Ed- 
ucation IN HoCiiiMiNii City, 01 Vo Van Ngan Str.. Thu Due Dist., HoChiMinh City, 
Vietnam 

E-mail address: lxuantruong@gmail.com, truong@math.net 



